Spectrum of a four-dimensional Yang-Mills theory by Frasca, Marco
ar
X
iv
:1
70
5.
07
64
7v
1 
 [h
ep
-p
h]
  2
2 M
ay
 20
17
Eur. Phys. J. C manuscript No.
(will be inserted by the editor)
Spectrum of a four-dimensional Yang-Mills theory
Marco Frasca
Received: date / Accepted: date
Abstract We obtain the next-to-leading order correc-
tion to the spectrum of a SU(N) Yang-Mills theory in
four dimensions and we show agreement well–below 1%
with respect to the lattice computations for the ground
state and one of the higher states.
A successful theoretical approach to treat a Yang-
Mills theory in the low-energy limit has been missing
so far. It is generally impossible to get the spectrum
and the n-point functions unless use is made of lattice
computations [1,2,3,4,5]. This difficulty implies that a
general understanding from first principles of the be-
havior of strong interactions is lacking. We are not able
to manage QCD in the infrared mostly because per-
turbation theory fails. The general approach is to use
dispersion relations [6] or phenomenological models ob-
tained from plausibility arguments. These models stay
so because of our current knowledge of the 2-point func-
tion of the theory relies almost all on lattice computa-
tions. We are aware in this way that a mass gap exists,
that in the deep infrared the gluon propagator seems
to resemble a Yukawa-like one but our inability to do
quantum field theory in presence of a large coupling
represents a big limitation.
In this letter we will show how an approach based
on exact solutions of the classical theory, already shown
successful for the three-dimensional case [7], can pro-
vide agreement with lattice data for the spectrum of a
Yang-Mills theory well-below 1%. Besides, it is possi-
ble in this way to perform computations at any order
and obtain finite results to compare with experiments
without the need to fit a wealth of parameters.
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For the propagator of Yang-Mills theory in the in-
frared limit, one generally exploits a current expansion
[8,9]. Instead to start from the action, we prefer the
equations of motion [10]
∂µ∂µA
a
ν −
(
1− 1
α
)
∂ν(∂
µAaµ) + gf
abcAbµ(∂µA
c
ν − ∂νAcµ)
+gfabc∂µ(AbµA
c
ν)
+g2fabcf cdeAbµAdµA
e
ν = j
a
ν . (1)
Then, given a functional form Aaν = A
a
ν [j] and doing
a Taylor expansion around a given asymptotic solution
Aaν [0], one has
Aaν [j(x)] = A
a
ν [0] +
∫
ddx′
δAaν
δjbµ(x
′)
∣∣∣∣
j=0
jbµ(x
′) (2)
+
1
2
∫
ddx′ddx′′
δ2Aaν
δjbµ(x
′)δjcκ(x
′′)
∣∣∣∣
j=0
jbµ(x
′)jcκ(x
′′) + . . . .
Exact solutions can be obtained in this way [11] for the
Landau gauge. The set of solutions we will start with
are
Aaν [0] = η
a
νχ(x) (3)
being χ(x) a solution of the equation
∂2χ+ 3Ng2χ3 = 0 (4)
and this is given by
χ(x) = µ(2/Ng2)
1
4 sn(p · x+ θ,−1). (5)
being µ an arbitrary integration constant having the
dimensions of a mass and the “momenta” p satisfy the
dispersion relation
p2 = µ2
√
Ng2/2. (6)
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We take these solutions as the ground state of the the-
ory. Then, the propagator of the theory will be
Gabµν(x, x
′) =
δAaν(x)
δjbµ(x
′)
∣∣∣∣
j=0
. (7)
Setting j = 0 one gets for the Green function of Yang-
Mills theory
∂2Gaeνρ(x, x
′)−
(
1− 1
α
)
∂ν∂
µGaeµρ(x, x
′)
+gfabcGbeµρ(x, x
′) (∂µAcν − ∂νAµc(x))
+gfabcAbµ
(
∂µGceνρ(x, x
′)− ∂νGceµρ(x, x′)
)
+gfabc∂µ
(
AcνG
be
µρ(x, x
′)
)
+gfabc∂µ
(
AbµG
ce
νρ(x, x
′)
)
(8)
+g2fabcf cdhGbeµρ(x, x
′)AµdAhν
+g2fabcf cdhAbµGdeµρ(x, x
′)Ahν
+g2fabcf cdhAbµAdµG
he
νρ(x, x
′) = δaeηνρδ
d(x− x′).
or
∂2Gaeνρ(x, x
′)−
(
1− 1
α
)
∂ν∂
µGµρae(x, x
′)
+gfabcGbeµρ(x, x
′) (∂µ(ηcνχ(x))− ∂ν(ηµcχ(x)))
+gfabcηbµχ(x)
(
∂µGceνρ(x, x
′)− ∂νGceµρ(x, x′)
)
+gfabc∂µ
(
ηcνχ(x)G
be
µρ(x, x
′)
)
+gfabc∂µ
(
ηbµχ(x)G
ce
νρ(x, x
′)
)
(9)
+g2fabcf cdhGbeµρ(x, x
′)ηµdηhνχ
2(x)
+g2fabcf cdhηbµGdeµρ(x, x
′)ηhνχ
2(x)
+g2fabcf cdhηbµηdµG
he
νρ(x, x
′)χ2(x) = δaeηνρδ
d(x− x′).
We fix the gauge to the Landau gauge (α = 1) that
also grants that we are using exact formulas rather than
asymptotic ones. Then,
Gabµν(x, x
′) = δab
(
gµν −
pµpν
p2
)
∆(x, x′) (10)
being pµ the momentum vector. So, we have to solve
the equation
∂2∆(x, x′) + 3Ng2χ2(x)∆(x, x′) = δ4(x − x′). (11)
This equation with that of the Green function for the
scalar field obtained in [8]. Then, the propagator can
be immediately written down as [11]
G(p) =
∞∑
n=0
Bn
p2 −m2n + iǫ
(12)
with
Bn = (2n+ 1)
2 π
3
4K3(−1)
e−(n+
1
2
)pi
1 + e−(2n+1)pi
. (13)
being K(−1) the complete elliptic integral of the first
kind and we get the “mass spectrum”
mn = (2n+ 1)
π
2K(−1)µ(Ng
2/2)
1
4 . (14)
This spectrum is kept in quantum field theory but we
also obtain higher order corrections. So, our final result
for the Green function is
Gabµν(p) = δab
(
gµν −
pµpν
p2
)
G(p). (15)
We see that the Yang-Mills theory shows up a mass
gap. We will use the equation for the spectrum to fit
with lattice data with a proper quantum correction.
The quantum theory can be studied using Dyson-
Schwinger equations for 1- and 2-point functions. These
were already discussed in our recent work [11]. One has
∂2Ga1ν(x) + gf
abc(∂µGbc2µν(0) + ∂
µGb1µ(x)G
c
1ν (x)−
∂νG
νbc
2µ (0)− ∂νGb1µ(x)Gµc1 (x)
+∂µGbc2µν(0) + ∂
µ(Gb1µ(x)G
c
1ν (x)))
+g2fabcf cde(Gµbde3µν (0, 0) +G
bd
2µν(0)G
µe
1 (x)
+Geb2νρ(0)G
ρd
1 (x) +G
de
2µν(0)G
µb
1 (x) +
Gµb1 (x)G
d
1µ(x)G
e
1ν (x)) = gf
abc(∂νP
bc
2 (0) + ∂ν(P¯
b
1 (x)P
c
1 (x)))
∂2P a1 (x) + gf
abc∂µ(Kbc2µ(0)
+P b1 (x)G
c
1µ(x)) = 0. (16)
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The Dyson-Schwinger equations for the two-point func-
tions are
∂2Gam2νκ(x− y) + gfabc(∂µGbcm3µνκ(0, x− y)
+∂µGbm2µκ(x− y)Gc1ν(x) + ∂µGb1µ(x)Gcm2νκ(x− y)
−∂νGµbcm3µκ (0, x− y)− ∂νGbm2µκ(x − y)G
µc
1 (x)
−∂νGb1µ(x)G
µcm
2κ (x− y)
+∂µGbcm3µνκ(0, x− y) + ∂µ(Gbm2µκ(x− y)Gc1ν(x))
+∂µ(Gb1µ(x)G
cm
2νκ(x− y)))
+g2fabcf cde(Gµbdem4µνκ (0, 0, x− y) +Gbdm3µνκ(0, x− y)G
µe
1 (x)
+Gbd2µν(0)G
µem
2κ (x− y)
+Gacm3νρκ(0, x− y)Gρb1 (x) +Geb2νρ(0)G
ρdm
2κ (x− y)
+Gde2νρ(0)G
ρbm
2κ (x− y) +G
µb
1 (x)G
dem
3µνκ(0, x− y) +
Gµbm2κ (x− y)Gd1µ(x)Ge1ν(x) +G
µb
1 (x)G
dm
2µκ(x− y)Ge1ν(x)
+Gµb1 (x)G
d
1µ(x)G
em
2νκ(x− y))
= gfabc(∂νK
bcm
3κ (0, x− y) + ∂ν(P¯ b1 (x)Kcm2κ (x− y)))
+∂ν(K¯
bm
2κ (x− y)P c1 (x)))
+δamgνκδ
4(x − y)
∂2P am2 (x− y) + gfabc∂µ(Kbcm3µ (0, x− y)
+P bm2 (x − y)Gc1µ(x) +
P b1 (x)K
cm
2µ (x− y)) = δamδ4(x− y)
∂2Kam2κ (x− y) + gfabc∂µ(Lbcm2µκ (0, x− y)
+Kbm2κ (x− y)Gc1µ(x)
+P b1 (x)G
cm
2µκ(x− y)) = 0. (17)
The solutions to this set of equations can be ob-
tained by choosing
Ga1ν(x) = η
a
νφ(x) (18)
being ηaν a set of constants and φ(x) the solution of a
differential equation we are going to determine. Besides,
for the Fourier transform of the 2-point function is
Gam2νκ(p) = δam
(
gνκ −
pνpκ
p2
)
∆(p) (19)
with the equation for ∆(x − y) given below. This set
can be solved by taking for the ghost 2-point function
P am2 (p) =
δam
p2 + i0
. (20)
The ghost field decouples in this case and is free. Then,
the 1-point function is obtained by the equation
ηaν∂
2φ(x) + g2fabcf cde(Gbd2µν(0)η
µeφ(x)
+Geb2νρ(0)η
ρdφ(x) +Gde2µν(0)η
µbφ(x)
+ηµbηdµη
e
νφ
3(x)) = 0. (21)
This becomes the equation for the scalar field, given
SU(N) for the gauge group,
∂2φ(x) + 2Ng2δµ2φ(x) +Ng2φ3(x) = 0 (22)
having set
δµ2 =
∫
d4p
(2π)4
∆(p), (23)
again for a mass correction to be evaluated once the
propagator is known. Then, the equation for the 2-point
function becomes [11]
∂2∆(x−y)+2Ng2δµ2∆(x−y)+3Ng2φ2(x)∆(x−y) = δ4(x−y)
(24)
and we see that the mass correction δµ2 is here too.
This will provide an equation for the renormalization
of mass. Solving eqs.(22)-(24), one has
G1(x) =
√
2µ4
m2 +
√
m4 + 2λµ4
×
sn
(
p · x+ χ, m
2 −
√
m4 + 2Ng2µ4
m2 +
√
m4 + 2Ng2µ4
)
(25)
being µ and χ two arbitrary integration constants and
we have set m2 = 2Ng2G2(0), G3(0, 0) = 0 and taken
the momenta p in such a way that
p2 = m2 +
Ng2µ4
m2 +
√
m4 + 2Ng2µ4
. (26)
From these results, we can obtain the correction to the
mass spectrum by changing the modulus of the Jacobi
elliptic functions and integrals going from k2 = −1 to
k2 =
m2−
√
m4+2Ng2µ4
m2+
√
m4+2Ng2µ4
so that, given the dispersion re-
lation in eq.(26), we will get
mn(m) = (2n+1)
π
2K(k2)
√
m2 +
Ng2µ4
m2 +
√
m4 + 2Ng2µ4
(27)
and, as usual, µ is an integration constant, having the
dimensions of a mass, coming from the integration of
the classical theory. This implies that the equation for
δµ2 will have the unknown on both sides. So, one can
solve it iteratively by taking at the leading order δµ2 =
0. One has from eq.(12)
m2 = 2Ng2
∫
d4p
(2π)4
∞∑
n=0
(2n+ 1)2
π3
4K3(−1)
e−(n+
1
2
)pi
1 + e−(2n+1)pi
×
1
p2 −m2n(0) + i0
. (28)
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This is the first iterate. In this way, we can evaluate
a first correction to the mass spectrum. We just ob-
serve that this integral diverges. Indeed, this integral is
very well-known in literature and can be evaluated by
dimensional regularization. One will get for the finite
part
m2 = Ng2(γ−1)
∞∑
n=1
(2n+1)2
π
32K3(−1)
e−(n+
1
2
)pi
1 + e−(2n+1)pi
m2n(0)
(29)
being γ the Euler-Mascheroni constant that we will use
to evaluate the full spectrum of the theory. It is interest-
ing to note that this contribution is small and negative.
We can write it as
m2 = m¯2Ng2σ (30)
where we have fixed the string tension to σ =
√
Ng2/2µ2
as usual. Then, m¯2 = −0.03212775693 . . .. Considering
this a small correction to the classical result, the spec-
trum (27) can be expressed through the formula
mn√
σ
≈ (2n+ 1) π
2K(−1) ×[
1 +
(
1
4
− 1
2
K(
√
2/2)− E(
√
2/2)
K(
√
2/2)
)
m¯2Ng2
]
. (31)
Now, we can compare this spectrum with the result
from lattice computations given in [1]. In order to do
this, we can fix the value of Ng2 with the value of β =
2N/g2 used in [1] to compute the spectrum. So, we
rewrite
mn√
σ
≈ (2n+ 1) π
2K(−1) ×[
1 +
(
1
4
− 1
2
K(
√
2/2)− E(
√
2/2)
K(
√
2/2)
)
m¯2
2N2
β
]
. (32)
This yields the comparison table 1 for the ground state
0++ of the theory as seen on lattice computations.
N Lattice Theoretical β Error
2 3.78(7) 3.550927197 2.4265 6%
3 3.55(7) 3.555252334 6.0625 0.1%
4 3.56(11) 3.556337890 11.085 0.1%
6 3.25(9) 3.557102106 25.452 8.6%
8 3.55(12) 3.557471208 45.70 0.2%
Table 1 Comparison for the ground state at varying N .
The lattice data are obtained from Ref. [1] for the continuum
limit.
The agreement is exceedingly striking for N=3,4 and
8 and well below 1%. For N=2 and 6 is just a few per-
cent. A similar situation happens for what is labeled as
a 2++ resonance in [1]. In this case we get the table 2.
N Lattice Theoretical β Error
2 5.45(11) 4.734569596 2.4265 13%
3 4.78(9) 4.740336446 6.0625 0.8%
4 4.85(16) 4.741783854 11.085 2%
6 4.73(15) 4.742802808 25.452 0.3%
8 4.73(22) 4.743294944 45.70 0.3%
Table 2 Comparison for the 2++ state at varying N . The
lattice data are obtained from Ref. [1] for the continuum limit.
Also in this case the agreement is really stunning.
We notice that, in our computations, the dependence
on the degree of the group is weak but otherwise notice-
able. This is due to the need to perform the comparison
exactly for the same β as in [1] for consistency reasons.
We have shown how the spectrum of a Yang-Mills
theory in four dimensions can be predicted with an
exquisite precision granting strict agreement with lat-
tice computations. This could pave the way for simi-
lar precise computations in QCD for the properties of
hadrons and, more generally, to get predictions in the
spectrum of this theory for exotic states.
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